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Models describing complex processes often contain a large number of parameters as
part of the nonlinear system. It is usually not possible in practice to identify all param-
eters because of the number and quality of measurement data as well as interactions
among the parameters. A common approach is to select a set of parameters for estima-
tion whereas other parameters are fixed at their nominal values. Such a parameter
selection procedure is often based on sensitivity analysis; however, the determined sen-
sitivity values depend on assumed values of the parameters and initial states, as well as
known trajectories of the input signals. In this work parameter selection and experiment
design procedures are integrated into a unified framework, which optimizes a criterion
of the Fisher information matrix and simultaneously takes the effect of uncertainty in
the parameter values into account. A hybrid method combining a genetic algorithm and
a simultaneous perturbation stochastic approximation is developed to solve the result-
ing mixed-integer nonlinear programming problem. The technique is illustrated on a
model of a continuously-stirred tank reactor and of a signal transduction pathway.
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Introduction

Parameter estimation involving large-scale dynamic mod-
els is an important but also a challenging task.' One prob-
lem for parameter estimation is that complex models often
contain dozens or even hundreds of parameters whereas only
a limited amount of data is available as conducting experi-
ments can be time consuming and costly. Therefore, many
models of complex systems are often over parameterized and
not all the parameters are estimable in practice. If parameters
are not practically estimable, then a small amount of noise in
the data will result in large variations of the estimated values
of the parameters and the parameters cannot be estimated
accurately.* One solution to this is to select a subset of pa-
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rameters to be estimated whereas all other parameters are
fixed at a constant value. The question then becomes one of
how to select the parameters to be estimated.

Several methods for parameter selection based on parame-
ter sensitivity vectors have been proposed in the literature.
These include, but are not limited to, the collinearity index
method,” a column pivoting method,6 an extension of the
relative gain array,’ a Gram-Schmidt orthogonalization
method,® and a recursive approach based upon principal
component analysis.’

A systematic approach for parameter selection is based on
optimality criteria computed from the Fisher information ma-
trix (FIM). The inverse of the FIM provides a lower bound
for the covariance matrix of parameter estimators® and it can
serve as a measure for the quality of a parameter set. A sub-
set of identifiable parameters can be selected based on opti-
mizing some criteria such as the D-optimality or the modified
E-optimality criterion.'”'" Parameter selection based on the
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sensitivity vectors can be regarded as some heuristic
approaches to optimize certain optimality criterion implicitly.
For example, the collinearity index is equivalent to the nor-
malized E-optimality criterion,'” and the orthogonalization
method is a stepwise approach to maximize the D-optimality
criterion.'?

Parameter selection has been used in a variety of applica-
tions, ranging from ecological systems,'* power systems,
production systems, ~ chemical reactions,!’” to biochemical
networks.'® However, one important drawback of common
parameter selection schemes based on the FIM or sensitivity
vectors is that these techniques depend on the chosen values
of the parameters for nonlinear systems, even though the
exact values of the parameters are not known before estima-
tion. It has been demonstrated that parameter uncertainty will
have a significant effect on the parameter selection.'

Another avenue for improving results obtained from pa-
rameter estimation is to collect a meaningful data set via ex-
perimental design.'”>® The objective of experimental design
is to determine initial conditions and to adjust time-varying
inputs so as to generate a data set with an optimal amount of
information. The effect that uncertainty in the parameter val-
ues has on experimental design needs to be taken into
account for nonlinear systems and robust strategieszé‘f26
should be applied.

Parameter selection and experimental design are often con-
sidered separately, however, results from the two procedures
affect each other for nonlinear systems: Parameter set selec-
tion is highly dependent on the experiment condition whereas
the experimental design is also dependent on the parameters
selected for estimation. For example, it can happen that the
best experiment design for a specific set of parameters may
be a bad choice for another parameter set.

This article presents an integrated approach to parameter
set selection and experimental design, which also takes para-
meter uncertainty into account. This is achieved by formu-
lating an optimization problem, which is a mixed-integer
nonlinear programming problem (MINLP) that optimizes a
criterion of the FIM. As this is a nontrivial problem, a hybrid
method combining a genetic algorithm (GA) and a simulta-
neous perturbation stochastic approximation (SPSA) is devel-
oped. The technique computes a collection of (sub-)optimal
parameter sets, rather than a single optimal set, as well as
the optimal experimental settings to estimate the sets.

Preliminaries
Optimality criteria of the Fisher information matrix

A criterion is required to measure the quality of a selected
set of parameters or to design an experiment. One criterion is
the covariance matrix of the estimated parameters, however,
the covariance matrix can only be computed after the param-
eters have been estimated and it is also affected by the esti-
mation algorithm. Alternatively, the Fisher information ma-
trix (FIM) can be used, as the inverse of the FIM provides
the Cramer-Rao lower bound for the covariance matrix.>* It
is desirable to minimize a criterion involving the inverse of
the FIM or equivalently to maximize a criterion of the FIM
to reduce a measure of the covariance matrix.

The outputs of a nonlinear dynamic system are affected by
process and measurement noise and in general no closed-
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form solution of the FIM exists. However, for the purpose of
simplicity only the measurement noise is commonly consid-
ered. In the case of additive Gaussian noise, the FIM is very
closely related to the parameter sensitivity matrix.

Assume that the measured output is a function of the pa-
rameters affected by measurement noise

y=y(0) +e, 1)

where §=[3(t,), ..., ¥(t,)]" is the observation of the output,
y(0)=[y(11,0), ...,y(t,,0)]" is the true value and & =
[e(t)), ..., &))" is the measurement noise. In practice, the
measurement noise is often assumed to be normally distrib-
uted with zero mean and a covariance given by the matrix 2.
As a result, the measurements are also normally distributed
and the Fisher information matrix, F, is given by

0 a0 -
F0) = £ | 3510 p(510) 5010 (510
ay \" _1 Oy
(&) & 2

If the measurement noise is uncorrelated and constant with
time, the covariance matrix results in £ = ¢°I and the FIM
becomes the product of the transpose of the sensitivity matrix
within itself. Without loss of generality for the procedure, it
can be assumed that ¢ = 1:

ay\" o
F(0) (a—gT) 2 3

Effects of parameters on the outputs are often correlated
for systems with many parameters, resulting in a FIM that is
nearly rank-deficient. One way to reduce the variance of the
estimate is to reparameterize the model by parameter selection

y=L"0, “
where the selection matrix L is given by
L=[e;, e, - e, ®)

The set {iy, is,..., i,,} denotes the index of the selected pa-
rameters and e; is the i-th column of the identity matrix. The
parameters in ¥ are a subset of 6 selected for estimation.
The FIM of the newly selected parameters is given by

F(y) = L'F(0)L, (©6)

To quantify the information content of the FIM, a set of
real functions of the FIM are used, for example, the experi-
mental optimality criteria which are named alphabetically.'®
The most popular experimental optimality criterion is the D-
optimality criterion, which maximizes the logarithm of the
determinant of the FIM:

¢} = max ¢p(F) = max log det(F). @)

This criterion minimizes the volume of the confidence
ellipsoid with an arbitrary fixed confidence level for a least
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square estimator. This criterion is used in this work, how-

ever, the presented techniques can be easily generalized to
. . . . Q_

other criteria found in the literature.'®23

Simultaneous perturbation stochastic approximation

An optimization problem under uncertainty of some varia-
bles can be formulated by maximizing the expectation of a
criterion function

m‘gx Ey (P(Wa V)a ®)

where w represents a vector of the decision variables and v
is a random variable following some distribution. One possi-
ble solution for this is to evaluate the expectation by numeri-
cal integration over the range of v, resulting in a nonlinear
programming involving w. Any of the common techniques
for solving nonlinear programming problems can be used for
this problem. However, in some cases, the expectation is dif-
ficult to be calculated because of the complexity of the crite-
rion function ¢. In these cases, a method of stochastic
approximation can be applied as it can solve the problem
without explicit evaluation of the integration.

The basic version of the stochastic approximation updates
the decision variables by?’

Wir1 = Wi + a8y, 9

where g,(v;) is the gradient of the criterion function at some
value of v

R 0
g (vi) = %Qﬂ(wk, Vi) (10)

It should be noted the gradient g, is not the gradient of
the objective function, but it is an unbiased estimator for the
gradient. The averaged g, is the gradient of the objective
function; however, the averaging is done implicitly in the
iterations (Eq. 9). It has been pointed out that the averaging
across the different iterations can be of good use for solving
such kinds of problems®’ and the intensive calculation of the
expectation by integration can also be avoided.

In some cases, the derivative of the criterion function is
difficult to compute directly and gradient-free versions of sto-
chastic approximation have been developed. These include fi-
nite perturbation28 and simultaneous perturbation.29 The
SPSA method only requires two evaluations of the criterion
function to approximate the gradient as

@(Wi+Cr A, Vi) — (Wi —ciAi,Vi))

2¢; A
P(Wi+Ck A, Vie) = (Wi —CiAi Vi)
2ci Ay
where the perturbation is given by Ay = [As,. .., Akp]T. A

sampling point of v, is generated to evaluate g,. The SPSA
has been shown to have comparable performance with the fi-
nite perturbation at lower computational cost.”®

The parameters for SPSA can be selected as

a = af(k+1+A)", (12)
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and
ce=c/(k+ 1)". (13)

Common values of o and y are 1 and 1/6, respectively.
Each component of the perturbation A; can use a Bernoulli
*1 distribution with probability of 1/2 for each *£1 outcome.
The underlying theories of SPSA and the implementation can
refer to the literature.>*~!

Genetic algorithm

Genetic algorithm (GA) belong to a class of nongradient-
based global optimization techniques. One distinct feature of
a GA is that it returns a number of potential solutions in the
form of coded binary strings for the decision variables, called
chromosomes.****

In many applications of GA, one chromosome will domi-
nate the population after a few generations. To ensure diver-
sity of the population, a sharing function can be used to
modify the fitness of each chromosome.** One form of shar-
ing function is

dj -
— D> if d,:]‘ <D

! b (14)
0, otherwise

h(dy) = {

where d;; is the distance between chromosome i and chromo-
some j, and D is the parameter controlling the diversity. The
fitness function of a chromosome is modified by
fi
fl=—. (15)
b h(dy)
J

Integrating Selection of Parameters with
Experimental Design

This section first presents an example that illustrates the
effect that parameter set selection, experimental design, and
uncertainty in the model parameter values have on one
another. This is followed by the formulation of the optimiza-
tion problem whose result represents the solution of the inte-
grated experimental design and parameter set selection proce-
dure under uncertainty. The last subsection describes solution
techniques used for solving this optimization problem.

Motivating example

Consider a system with one input, three parameters, and
two output variables:

yi| _ [00+62+5/1205 + 31205 + 1/207 I TS
» 40, +5/405 — 1205 +3/203 23k

where y = [y, yo]" are output variables, 0 = [0, 05, 05"
are parameters, u is an input variable determining the experi-
mental condition, and & = [&;, &]" represent noise with a
Gaussian distribution with

E(e) =0, Var(e)=1.

Not all three parameters can be determined uniquely since
the sensitivity matrix
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Oy [1 1 5/12+43u*>+0; (17)
00T |0 4 5/4—u*+30; |
is column-rank deficient.

As the sensitivity matrix has a rank of two, two parameters
are selected for estimation. There are three possible combina-
tions of parameters to be estimated and the D-criterion for
each possible set of parameters is given by

®12 =4In(2),
@15 =21In(30; —u* +5/4),
@23 = In(03 + (2617 4+ 5/6) 03 + 169u* + 65 /6u* + 25/144),
(18)

where ¢;; denotes the criterion value of the set consisting of
parameters i and j. Using Bayesian statistics, the unknown
parameters can be regarded as random variables and some
distribution function can be used to characterize the parame-
ter uncertainty. In this example, the parameters are assumed
to be uniformly distributed from 0 to 2 and the nominal
value is assumed to be the mean value (0; = 1). The input
variable is assumed to be in the range from —1 to 1 with a
nominal value of zero, u = 0.

Since the criterion value is a function of the parameters
and the input variables, there are several possibilities for
computing a function value. One approach is to determine
the criterion with all parameters and inputs set to their nomi-
nal value:

¢ = ¢(ii,0). (19)

The commonly used methods for parameter selection make
use of Eq. 19, which assumes that the nominal values of the
parameters are close to the true values and that the input var-
iables have only a minor effect on the criterion value. How-
ever, this assumption may not be accurate and a good set
of parameters evaluated at their nominal values may become
suboptimal for other values. Instead, it is better to use
the mean criterion value over the uncertain range of the
parameters:

Eglo] = Eglo(u,0)]. (20)

A parameter set, which has a large mean criterion value,
has a good average performance over the uncertainty range
of the parameters. The criteria from Eq. 19 and Eq. 20 have
so far not taken into account that the input variables can be
changed. When integrating parameter set selection and exper-
imental design, the mean criterion values have to be eval-
uated at their optimal input trajectory, which may be differ-
ent for each parameter set:

Eglo]"= Eglo(u*, 0)] withu* = arg max Eg[p(u,0)]. (21)

Table 1 lists the criterion values for Eqs. 19-21 of each
parameter set given by Eq. 18. It can be concluded from
Table 1 that the nominal criterion indicates that the parame-
ter set {0, 03} is the optimal choice for estimation. How-
ever, if parameter uncertainty is taken into account then the
parameter set {6, 0>} is the best choice. If experimental
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Table 1. Evaluation of each Subset of Parameters Using
Different Criteria

Conditions [0 ®13 023
u=u0=0;Eq19 2.77 2.89 0.70
u = u, average over 0; Eq. 20 2.77 2.69 0.50
u= ufj average over 0; Eq. 21 2.77 2.69 5.34

design is considered in addition to uncertainty in the parame-
ter values, then the parameter set {0,, 03} is the optimal
choice for parameter estimation. The fact that different eval-
uations of the criteria result in selecting different parameters
demonstrates that parameter selection is highly dependent on
the experimental condition. Additionally, uncertainty in the
parameter values cannot be neglected as it can also have a
significant impact on the results.

Problem formulation

For simple models, like the illustrative example, it is pos-
sible to determine the optimal parameter set and the optimal
experimental design analytically. However, this is almost
never the case in practice where more complex nonlinear
dynamic systems are found. This section describes the prob-
lem formulation whose solution will result in the criterion
given by Eq. 21.

Variables of a model that affect parameter estimation can
be classified as belonging to one of the following four cate-
gories: (i) time-varying input variables, u(f), that can be
manipulated; (ii) time-invariant inputs, v, that can only be
adjusted at the beginning of an experiment and will remain
constant thereafter; (iii) parameters, 6, whose values are not
known and need to be estimated; and (iv) unknown factors,
0, whose values are not known and will not be estimated.
The Fisher information matrix, F, is a function of these four
types of variables

F =F(u(t),v,0,9). (22)

To evaluate the FIM some knowledge about all four kinds
of variables is required. Although, the value of the parame-
ters and the unknown factors cannot be obtained accurately,
some a priori information about their uncertainty such as the
range or distribution of their values is often available. These
two types of variables can then be described by random vari-
ables according to some distributions based on the knowl-
edge of their uncertainty. The criterion function should
always be evaluated over the uncertainty range of the param-
eters and unknown factors instead of at their nominal values.

The values of the inputs determine the experimental condi-
tions for generating the data set to be used for parameter
estimation. Since the inputs can be manipulated they should
be varied such that an information rich data set is obtained.
It has been shown that the selection of parameters is depend-
ent on the experimental design while at the same time the
optimal values of the input variables is also dependent on the
parameters selected for estimation. Therefore, parameter set
selection and experimental design need to be performed
simultaneously.

A new formulation of the parameter set selection and ex-
perimental design problem is required to take the effect that
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these four types of variables have on the FIM into account.
Equation 23 describes the resulting optimization problem:

z',u(t)", v’ = arg max Elo (F(z,u(1),v,0,9))]
zu(r),v 0,

s.t. % = f(x,u(?),v,0,d),
y:h(x,u(t),m 076)
d ox of ox of 0Ox
di o0~ oxT 00T 00" 00"
dy Oh Ox  0Oh
o0~ ox o0 | o0"

x(0) =xo (v, d)

0)=0

S— [ay(m . ay(r,»r

00 00 (23)
F=L"(S"S)L
L :[e,-, €, €, },With ij thatZ,'j =1

e; is the i-th column of the identity matrix
z; € {0,1}and Zz,- =n,
i

Ly, <u(r) <U,
L, <v<U,
0is random vector with density function py(0)

disrandom vector with density function ps(d)

The objective function is the expectation of the criterion
value based on the FIM over a range of values for 6 and é.
The first two constraints are the system equations whereas
the third and the fourth constraints are the sensitivity equa-
tions. The sensitivity matrix is formed by combining the sen-
sitivity values at different time points. Some columns of the
sensitivity matrix are selected according to the decision vari-
able z to compute the FIM only for the parameters to be
selected. The number of parameters per set, n,, can be deter-
mined by singular value decomposition of the sensitivity ma-
trix. The input variables u(f) and v determine the experimen-
tal conditions.

As the manipulated variables, u(¢) are a function of time
belonging to an infinite—dimensional function space, it is
required to convert this infinite—dimensional problem into a
finite—dimensional one by parameterizing the input varia-
bles.*® Various expressions can be used and a common one
is to describe each uif) by a polynomial with parameters
a; k-

wit) = apjul" + aiju "+t aijit+aio, t€T;, (24)

where u,(f) is the i-th input variable and T; is the j-th time
interval. For simplicity, parameterization by the zero order
polynomial is often used in practice. The vector u
u = [flu,l o ik ]T (25)
is used to denote the coefficients parameterizing the input
variables and will replace u(¢) in the optimization problem
given by Eq. 23.
After parameterization of the input variables, the optimiza-
tion problem results in a MINLP. These types of optimiza-
tion problem are generally not trivial to solve. Furthermore,
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two additional aspects have to be taken into account that
increases the complexity of the problem: (1) The objective
function includes an expectation and it may not be possible
to evaluate this expectation exactly if the number of uncer-
tain factors, inputs, and parameters is large; and (2) One is
generally less interested in determining a single optimal set
of parameters to be estimated, but rather in obtaining a col-
lection of parameter sets that have a high criterion value. If
the values of the criterion have similar magnitudes for sev-
eral sets of parameters, then the choice of which set to use
for parameter estimation can be made based on insight into
the system. Since it is not possible to accurately describe the
uncertain factors, it is a reasonable assumption to choose any
of the parameter sets and its corresponding experimental con-
ditions that results in a large criterion value.

One approach to evaluate the expectation is to numerically
integrate the value over all uncertain factors. In this case, the
determination of the continuous decision variables becomes a
nonlinear programming problem and existing software such
as LOQO, UOBYQA,” SNOPT,” or IPOPT* can be
used. The solution of the nonlinear programming problem
can then be coupled with solution of the binary programming
problem that selects the parameters to be estimated.

However, numerical integration over the uncertain factors
and parameters is computationally demanding. The first order
sensitivity values of the parameters are required to calculate
the criterion value of the FIM. For dynamic systems, the sen-
sitivities are calculated by solving a set of differential equa-
tions. These sensitivity equations need to be solved for a
number of values in the uncertain range of the parameters
and uncertain factors to compute a value of the expectation.
Computation of the expectation at each iteration of the opti-
mization is a task that becomes too computationally intensive
for large number of uncertain factors and parameters. One al-
ternative to this is to use a method of the stochastic approxi-
mation. While stochastic methods also have their own set of
drawbacks, they can be applied for determining approximate
solutions of optimization problems of a significant scale.
Since the goal for selecting parameter sets is not to come up
with one optimal set, but rather to return a collection of sets
that are good candidates for parameter estimation, there is no
significant drawback to find an approximate solution from
using a stochastic technique. SPSA is computationally inex-
pensive as it is a derivative-free method that only requires
two criterion values to approximate the gradient in each iter-
ation step.*’

Since a stochastic optimization method is used for deter-
mining the continuous variables in this work, it is sensible to
also use a stochastic technique for determining the discrete
variables. GA will be used as they return a population of
possible solutions as a result of the algorithm. This property
is consistent with the aim to determine multiple sets for
parameter selection. Also, since z is a vector of binary varia-
bles, no reformulation is required for determining z via a
GA.

A hybrid method combining genetic algorithm and
simultaneous perturbation stochastic approximation

A hybrid heuristic method, which integrates GA and SPSA
is developed in this subsection. A GA is used to update the
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Pre-screening and initialization

Y
Update the input variables for each subset in
the population by SPSA

¥

Calculate the mean criterion value as the
fittness function of GA

Y

Modify the fitness value by the sharing
function

Generate next population of GA by the
operations of selection, crossover and
mutation

NO

terminated ?

Select top subsets from the populations of GA

Y

For each subset if the maximum iteration of
SPSA is not attained update the input
variables by SPSA

(]

Record the subsets and the optimal setting of
inputs for each subset

Figure 1. The procedure for integrating parameter set
selection with experimental design.

discrete decision variable z whereas SPSA updates the con-
tinuous variables u and v. Since the focus is on how to com-
bine the two algorithms, a basic implementation of each
algorithm is used. In this hybrid algorithm, the GA schedules
which parameter sets will have their input variables updated
by the SPSA. The fitness function is computed after the input
variables have been updated to generate a new generation for
the GA. If a parameter set is removed from the current gen-
eration, the information about the number of iteration steps,
which have been completed by the SPSA and the determined
input trajectory, are recorded. If a previously removed para-
meter set reappears in a later generation of the GA, then the
last recorded input trajectory is used as the starting point for
SPSA and not a nominal trajectory. A diagram of the algo-
rithm is shown in Figure 1.

The input variables for each parameter set in the current
GA population are updated by SPSA. Since parameter sets
with large fitness values are more likely to remain in the
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population, they have a larger chance to have their input
variable profiles updated by SPSA. When the input variables
of a parameter set are updated, the mean criterion value over
the uncertain variables should be evaluated. The criterion
values are evaluated at two different sampling points of the
parameters for each step of SPSA. The criterion value is
averaged across different iterations as an approximation of
the mean criterion value. As the input variables converge to
an optimal value, the differences among the input values
between two successive iterations are reduced. Accordingly,
the averaged criterion value computed from different itera-
tions will approach the averaged criterion value at the opti-
mal input.

Each parameter set in the current population has its input
variables updated by the SPSA. However, the SPSA does not
to determine the optimal input trajectory for each parameter
set in the current population. Instead, the SPSA performs
several iterations to improve the input trajectories for each
parameter set in the current population. Because of this, is it
ensured that a parameter set with a high fitness value, which
has large probability to appear in the population of GA will
have its input trajectory updated frequently resulting in a
good approximation of its optimal input trajectory. However,
not too much computation time is wasted on parameter sets
that are likely to be removed from a population due to their
low fitness value. The number of iterations performed by
SPSA to update the continuous variables during each genera-
tion depends on the update history of the parameter set and
on the generation number. The reason for this is that the val-
ues of the input variables are likely far from their optimal
values during the first few generations and can change signif-
icantly, whereas the input variable profiles will only require
minor modifications for parameter sets that have remained in
the population for several generations.

To clarify the procedure of iterating between the GA and
the SPSA, an artificial case is presented in Figure 2. Three
parameter sets determined by the GA are chosen for update
by SPSA. Each parameter set is associated with a value of
the vector variable z, mean criterion value ¢, input variable
u, and the current iteration number n for SPSA. The number
n denotes how many iterations of SPSA are used to update
the input variables for each parameter set in the current pop-
ulation of GA. SPSA updates the profile of the input variable
u, i.e., in this case, a scalar value and the iteration number of
SPSA is changed from 0 to 10. Next, the updated input vari-
ables are used to calculate the mean criterion value for each
parameter set and the mean criterion values represent the fit-
ness functions used by the GA to generate the second gener-
ation. Since parameter set 3 has the smallest criterion value,
it will be removed from the second generation. However, its
information is retained. The input variable u for each param-
eter set in the population is again updated by SPSA and the
mean criterion value for each parameter set is recalculated at
the new value of the input variable. GA uses the criterion
value to generate the next generation and the parameter set 3
is reintroduced into the population. Since the information of
parameter set 3 is preserved, the input variable can be
updated from the already recorded information by SPSA.
When the solution is near the optimal one, fewer iterations
of SPSA are required to update the decision variables. For
example, 10 iterations of SPSA are performed for each para-
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Figure 2. lllustration of steps of algorithm by using an
example problem.

meter set in the 1st generation. However, as the input varia-
bles approach their optimal values the number of iterations
can be reduced to decrease the computational effort. Only
five iterations of SPSA are performed for parameter sets 1
and 2 in the 2nd generation of the GA, as the input trajecto-
ries of these parameter sets have already been updated once.
Since parameter set 4 is first introduced in the 2nd iteration,
its input trajectory is updated by 10 iterations of SPSA.
When the input variables of parameter sets 1 and 2 are
updated in the third generation, then the number of iterations
by SPSA can be further reduced to three. This procedure is
repeated until the input trajectories have converged to desired
values or until the maximum number of generations of the
GA has been reached. The number of iterations for SPSA is
predetermined in this illustrative example, as this is the basic
implementation of the algorithm. However, the number can
be adapted depending upon changes in the objective function
value. For example, if there is a large improvement in the
value of the objective function in previous iterations then the
number of iterations for SPSA for the parameter sets in cur-
rent population can remain the same. Similarly, the number
of iterations can be reduced if the value of the objective
function has changed only by minor amounts during the last
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few iterations. The total number of SPSA for a parameter set
can also be determined by the convergence properties of the
value of the objective function.

Case Studies

This section presents two detailed case studies illustrating
the presented procedure. The first case study deals with a con-
tinuously-stirred tank reactor (CSTR) whereas the second
case study involves a model of a signal transduction pathway.

Application of the procedure to a CSTR

This model describes an exothermic CSTR in which a
first-order reaction A—B is taking place*'

A — B,Rs =k exp(—E/RT)cx. (26)

The reactor is described by the following differential
equations

. F
CA—V(C{A_CA)_RA
. F AH hA
T=—(I—T)4+—=Rx——(T—T.).
v( )+CP A va( ) 27)
F. hA
Te=-"(T —T,) +—-
¢ VC(C C)+CPCVC

The three states of the system are the concentration of
component A, the temperature of the reactor, and the temper-
ature of the coolant jacket. The reactor temperature is chosen
as the only output of the system.

The variables in the system belong to one of five categories
listed in Table 2. The first nine variables shown in Table 2
are the parameters considered for estimation. The initial con-
centration is not measured and belongs to the category of
unknown factors. The two inlet flows can be manipulated
and they are the time-varying input variables. The coolant
temperature can be manipulated as well, but its value is con-
stant as it belongs to the category of time-invariant input var-
iables. The last three variables are known parameters, which
will not be considered in the following analysis.

All the variables are normalized by their nominal values to
remove the possibility that scaling affects the procedure. The
uncertain parameters and the unknown factor are assumed to
be uniformly distributed in the range from 25% to 175% of
their nominal values. It is assumed that the input variables
can be changed from 50% to 150% of their nominal values.
It is possible to use distributions other than uniform distribu-
tions for describing the uncertainty without modifying the
procedure. The zeroth order polynomial is used to parameter-
ize the input variables. The time horizon for collecting data
is 8 h and it is assumed that the manipulated input variables
can be changed every hour.

Determine the Number of Parameters to be
Estimated

A singular value decomposition of the FIM is computed
for the nominal values of the parameters and a predetermined
input profile to determine the number of parameters to be
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Table 2. Nominal Values of Variables in the CSTR Model

Parameter Variable Nominal Value Type Symbol
Feed temperature il 20°C Parameters 0
Feed concentration c"; 2500 mol/m3
Fluid heat capacity Cp 1600 kJ/m* °C
Heat of reaction AH 160 kJ/mol
Activation energy E/R 255 K
Preexponential factor k 25h7"
Coolant inlet temperature T, 10°C
Coolant heat capacity Cp, 1200 kJ/m® °C
Heat transfer coefficient h 1100 W/m? °C
Initial concentration a0 1000 mol/m> Unknown factor o
Feed flow rate F 0.1 m*n Time variant input variables u(r)
Coolant flow rate F. 0.15 m*/h
Initial coolant temperature Teo 30°C Time invariant input variables v
Reactor volume Vv 02 m’ Known parameters
Cooling jacket volume Ve 0.055 m*
Heat transfer area A 45m?

estimated. The first singular value is 0.8, followed by 0.1
and all other singular values are smaller then 0.05. Accord-
ingly, it is appropriate to set the number of parameters to be
estimated to two (n, = 2).

Determine Parameter Sets for Estimation

An exhaustive search over all parameter sets can be per-
formed, and a GA is not required for this example, as the
total number of parameter sets containing two parameters is
only 36. The optimal input trajectories can be computed by
SPSA for each subset of parameters. The values of the pa-
rameters for SPSA were chosen to be: o« = 1,y = 1/6, a =
1, c = 0.2, A = 100. The maximal number of iteration is set
to 500. The algorithm is implemented in Matlab and the
computation time for determining the optimal input trajecto-
ries for a parameter set is approximately 3 min on a com-
puter with a P-IV CPU and 2 GB of memory. The time de-
pendent profiles of the two input variables, the feed flow (F)
and the coolant flow (F.), are shown in Figure 3. Addition-
ally, the time invariant input variable, T, is set to 60% of
its nominal value.

The values of the three criteria are listed for all parameter
sets in Table 3. Column 3 shows the optimal mean criterion
values calculated according to Eq. 21. Column 4 contains the
mean criterion values calculated according to Eq. 20 and Col-
umn 5 shows the nominal criterion values calculated accord-
ing to Eq. 19. The nominal inputs for all results in Columns 4
and 5 are those shown in Figure 3. The procedure has been
repeated several times to ensure that the results are reproduci-
ble as using stochastic optimization techniques and computing
an expectation of a criterion over a set of uncertain parame-
ters introduces stochastic elements into the procedure. The
results of these repeated numerical experiments was that the
parameter set to be estimated remains unchanged and only
minor differences can be found in the criterion values.

Application of the procedure to a signal transduction
network

A model of the JAK/STAT signaling pathway** is used in
this subsection to illustrate the techniques for parameter
selection and experimental design for complex dynamic sys-
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tems. Figure 4 shows the structure of the signaling pathway
under investigation. The model includes 32 state variables
and 53 parameters. The input is the concentration of IFN-y
whereas the output is the concentration of STATIn*-
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Figure 3. The input trajectories for the (a) feed flow
rate F, and (b) coolant flow rate F..
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Table 3. Criterion Values for All Parameter Sets Consisting
of Two Parameters

Optimal Mean Mean Norminal
No. Subsets D-Criterion D-Criterion D-Criterion
1 Cp. h 6.70 6.06 5.20
2 6.46 6.11 578
3 AH, h 6.26 5.29 4.98
4 17, Cp, 6.25 5.75 5.67
5 AH, Cp, 6.20 5.09 4.92
6 . Cp 5.99 451 4.61
7 cﬁ h 5.94 4.78 4.62
8 Cp, Cp, 5.86 4.57 3.79
9 Cp, h 5.57 4.32 3.43
10 k, Cp, 5.42 4.27 4.18
11 kh 5.26 4.16 4.03
12 E/R, Cp_ 4.74 3.68 3.83
13 E/R, h 4.45 3.56 3.68
14 Cp, T, 291 2.18 1.57
15 T, Cp, 2.40 1.45 1.34
16 T, h 2.34 1.51 1.24
17 AH, T, 2.12 1.34 1.05
18 T 1.94 1.24 1.37
19 Cp, A 1.84 1.14 0.52
20 k, T, 1.82 1.25 1.37
21 ., Cp 1.74 0.74 0.28
22 E/R, T, 1.12 0.62 1.00
23 Cp, k 0.55 -0.53 -1.16
24 & - 0.27 0.01 0.22
25 ai, AH 0.22 0.02 0.34
26 AH, k —0.29 —0.44 -0.32
27 Cp, EIR -0.37 -1.16 —1.54
28 cf/f E/R —0.40 —0.58 —0.14
29 AH, EIR -0.92 —0.98 —0.63
30 T, T, -1.32 —-1.70 —-1.66
31 7, Cp —-2.16 —3.04 -3.62
32 T, AH —-2.64 —-2.74 —-2.86
33 T, d, -2.86 -321 -3.00
34 T, k -3.80 -3.96 —4.12
35 T, E/R —4.46 —4.61 —4.51
36 EIR, k —5.54 —6.72 —6.55

STATI1n*, which is a transcription factor, and can be indi-
rectly measured using a green fluorescent protein reporter
system. The reactions in the pathway are numbered and the
parameter names are derived from the reaction number.

All the variables are normalized by their nominal values
for this case study. The uncertain parameters and the
unknown factors are assumed to be uniformly distributed in
the range from 50% to 150% of their nominal values. The
input is assumed range from 50% to 150% of its nominal
value. Little is known about the uncertainty distribution of
these parameters and a uniform distribution is no more or
less likely to accurately describe the parameter values than
any other distribution. The experiment is performed over a
period of 8 h and the input can be changed every 30 min
and remains constant in between the changes.

Determine the Number of Parameters to be
Estimated

A singular value decomposition of the FIM is used to
determine the number of parameters to be estimated. Select-
ing four parameters for estimation is sufficient as the condi-
tion number of the FIM is large and the magnitude of the
singular values drops significantly after the fourth singular
value (n, = 4).

Algorithm Parameters

The presented algorithm is implemented in Matlab. The
size of the population of the GA is set to 30, 3 elites are
used, and the maximum generation number is set to 100. The
parameter, D, of the sharing function is set to one. Roulette
selection, scattered crossover, and uniform mutation are used.
The following parameter values are chosen for SPSA: o = 1,
y=1/6,a =0.7,¢ =02,A = 100.

Computing the Optimal Input Trajectories
via Genetic Algorithm/Simultaneous
Perturbation Stochastic Approximation

The input sequence is assumed to consist of 16 values as
the variable can be changed every 30 min over a time hori-
zon of 8 h. Determining an input sequence with 16 changes
for a problem where a stochastic optimization method is
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Figure 4. Structure of the JAK/STAT signaling pathway.
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used, will likely produce slightly different results each time
the optimization is performed. Accordingly, a term that
penalizes deviations of the input from its nominal value has
been added to the objective function from Eq. 23:

2", u" =arg max {Fs[(p(F(z, u,0,0))] — A Jlu—1*  (28)
where U is the nominal value of u and 4, is a penalty coeffi-
cient for changes in the manipulated variable. Including this
penalty term ensures that the input is only changed from the
nominal value if such a change has a significant positive
effect on the criterion value. Figure 5 shows the mean input
values and their standard deviations for one parameter set
where the problem was solved 10 times.

It required approximately 28 h of computation time on a
computer with a P-IV CPU and 2 GB of memory to obtain
the collection of 30 (sub-)optimal parameter sets shown in
Table 4 and the corresponding optimal experimental condi-
tions for the sets.

Discussion of the Results

Table 4 lists the 30 parameter sets with the optimal mean
criterion value for their respective experimental conditions
(Eq. 21) shown in the third column. For comparison pur-
poses, the mean criterion value (Eq. 20) at the nominal oper-
ating conditions (Column 4) and the nominal criterion value
(Eqg. 19) are also shown in the table (Column 5).

It can be seen there is a significant difference in the rank-
ing of the individual parameter sets. The set consisting of
{kss, kps, k1, kpo} has the largest nominal criterion value;
however, it is only ranked at the 21st position by the mean
criterion value. More importantly, three of the parameters
selected for this set by the nominal D-criterion are different
from the parameters chosen by the optimal mean D-criterion.

Another important observation is that the criterion value
changes significantly, when the experimental conditions are
optimized for a chosen parameter set. This is particularly im-
portant, so far as the nominal setting of the input values
were chosen in a matter that ensures a reasonable level of

—
T

normalized concentration of IFM-

optimal
........ nnmlnal

time (hr)

Figure 5. Averaged input signal and error bars for 10
solutions of the algorithm.
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Table 4. Criterion Values for 30 Selected Parameter Sets

Optimal Mean Mean Norminal
No. Subsets D-Criterion  D-Criterion D-Criterion
L kg, kpios ks, k3o 4.941 3.187 4.028
2 kg, kpios kps, kpzo 4792 3.248 3.907
3 kg, ks kg3, kpso 4.791 3.838 4.232
4 kps, kpios kpo, kp3o 4763 3.384 4.007
5 ks ks ko, kizo 4.756 3.592 4.169
6 ke, kpio, ks kp33 4.692 3.646 4.423
T ks kpio, Vioas k33 4.689 3.644 4423
8  kpo, kpoy Viupas ko 4.682 3.482 4.562
9 60 kr10, ks ko 4.630 3.450 4.748
10 kg, kpro, kpp1s ks 4.628 3.465 4.747
11 kg, kpoy Vipas kpg 4.547 3.359 4.480
12 ke, kpro, kpes ko 4.523 3.484 4.562
13 ke k1 ko, kg 4438 3.262 4.555
14 ke, kp1, kps, kiig 4.416 3.279 4.556
15 ke, kpis, ks ks 4.404 3.349 4.606
16 ke, kpios k1 kpzo 4.398 3.619 4.528
17 ke, kpo1s kpoes kg 4.394 3.234 4.387
18 kp, kpis, kpo1s kpz3 4.363 3.373 4.353
19 kg, kg, kpp1s ko 4.327 3.269 4.898
20 kg kpis ks, k3o 4.324 3.474 4.111
21 ks, ks ko, kpog 4311 3.267 4.675
22 kg, kpss k3, kipso 4.297 2.595 3.049
23 kg, kot kg3, kg 4.251 3.303 4.304
24 kg, kpio, ks, ks 4.242 3.151 3.886
25 kpos kpp1s kpiss kpzo 4.222 3.430 4.351
26 kg, kpio, kpsis kipso 4.215 2.635 3.048
27 kyo, kpiss ki, kpszo 4.204 3.500 4.400
28 ks, k1 ko, Kyoa 4.185 2.963 3.977
29 kg, kpies kpp1s ko 4.172 3.428 2.901
30 kg, kp1s koo kp33 4.162 3.604 4.284

excitation as the input was varied from its smallest to its
largest values in pulses of varying duration. However,
improving experimental design does not only affect the val-
ues of the criteria, but also the ranking of different parameter
sets. The set {ksw, kpo, kp3, kpzo} has the largest optimal
mean criterion value; however, when the input is fixed at the
nominal point this parameter set is ranked the 26th by the
mean criterion value. It is also noted that this parameter set
only has the 23rd largest nominal criterion value. This exem-
plifies that some potentially good parameter sets may be
missed if parameter uncertainty is neglected and if the effect
of experimental design is ignored.

While it may seem trivial to determine if a set is the best
or the 26th best among hundreds of thousands of possible
sets, it is important to point out that there are significant dif-
ferences in the criterion values even among the best 30 sets
shown in Table 4. This becomes even more important once it
is recognized that the criterion value involves computation of
the logarithm of the determinant of the FIM.

This example illustrates the complex nature of the optimi-
zation problem given by Eq. 23. Future work will focus on
decomposition of the optimization problem to reduce the
computational burden and enable application of the presented
procedure to even larger models.

Conclusions

This article presented an integrated approach for selecting
parameters for estimation and experimental design while tak-
ing uncertainty in the parameter values into account. Integrat-
ing these two approaches is important so far as experimental
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design and selection of parameters to be estimated influence
one another for nonlinear systems. Additionally, the nominal
values of parameters that have yet to be estimated also have
an effect on both experimental design and parameter set
selection. The integrated approach formulates an optimization
problem where the expectation of a criterion involving the
FIM is maximized by varying the parameters to be estimated
and the experimental conditions. This optimization problem
is a MINLP, which is nontrivial to solve. A hybrid method
combining a GA and a SPSA is developed to determine an
approximate solution. The presented solution technique uses
an iterative approach where the GA determines the discrete
variables representing the set of parameters to be estimated,
and the SPSA computes the values of the continuous varia-
bles, i.e., the experimental conditions.

One other aspect of the presented work is that a collection
of parameter sets, each with its own optimal experimental
design, is determined, rather than one optimal result. The
reason for this is that one may have a specific preference for
estimating certain parameters or using specific experimental
conditions, even though this may restrict the results and not
be optimal. However, by providing a collection of solutions
and a measure for the quality of the determined parameter
set/experimental design, it is possible to make an informed
decision about which result to use.
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